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Josephson effect in superconductor/ferromagnet structures with a complex weak-link region
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The critical currents I of SNF-FN-FNS, SN-FN-NS, and SNF-N-ENS Josephson junctions (S—
superconductor, F—ferromagnetic, N—normal metal) with complex SNF or SN electrodes (N or NF bilayer
are situated under a superconductor) are calculated in the framework of linearized Usadel equations for
arbitrary overlap length d of SN interface. We demonstrate that in these geometries, in the case of large
resistances of SN interfaces, the critical current can exceed that in ramp-type junctions. Based on these results,
the choice of the most practically applicable geometry is discussed. We predict that in a certain parameter range
there is single O-7r transition with the increase in the overlap length d. This single transition can be realized
also in SFN-N-FNS Josephson junctions, where the coherence length in the weak-link region is a real quantity.
Further, we predict that in SNF-N-FNS Josephson junctions 0-7r transition may take place with increase in

distance between superconducting electrodes.
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I. INTRODUCTION

In the last few years there is a significant interest to the
structures composed from ferromagnetic (F) and supercon-
ducting (S) layers.!=® This interest is permanently maintained
due to possible application of SF structures in quantum com-
puting and superconducting electronics,*~® as well as due to
new fundamental physical effects, which are steadily ob-
served experimentally (see, e.g., Refs. 9-16) or predicted
theoretically (see, e.g., Refs. 17-54).

Among the most appealing recent experimental results
are: the first observation of double suppression of supercon-
ductivity in Nb/Cu,Ni,_, bilayers (x=0.59), which provides
evidence for a multiple re-entrant superconducting state;'!
the demonstration of existence of a long-range proximity ef-
fect predicted in Ref. 3 in Nb-Cu/PdNi/Cu/CoReCo/Cu/
PdNi/Cu-Nb Josephson junctions, where the direction of
magnetization vector in antiferromagnetically oriented
CoReCo block does not coincide with that of PdNi films,
thus creating a weak-link region with artificially rotated
magnetization vector;'? the first observation'?® of strong criti-
cal temperature suppression in S-FNF (N—normal metal)
structures under a small off-orientation of magnetization vec-
tors in initially antiferromagnetically ordered FNF block,
which is a sequent of generation of long-range triplet com-
ponent providing a strong connection of NF part of the
multilayer to the S film;> visualization of supercurrent spa-
tial distribution in SFS devices with various arrangements of
0 and 7 segments.'®

Despite of noticeable achievement in understanding of the
physical background of superconducting spin valves, in
which either critical temperature T or critical current /- is
controlled by mutual off-orientation of magnetization vectors
M, , of individual F films located inside of a spin valve, they
are still far from practical realization. Among the reasons are
relatively large values of exchange energies H in F films
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resulting in very fast decay of superconducting correlations
into a ferromagnet,’®>7 as well as the problems in supply of
off-orientation of M, , in Josephson spin valves.

Recently>*33 it has been shown that both problems can be
effectively solved in novel types of S-FN-S and S-FNF-S
Josephson junctions. In these structures, the weak-link region
consists of FN or FNF multilayer, which separates the super-
conducting banks while a supercurrent flows in the direction
parallel to FN interfaces and is injected across the end walls
of FN or FNF structure. There are two kinds of proximity
effects in these junctions. The first one is the penetration of
superconductivity into normal metal from superconducting
electrodes. The second one is the suppression of the induced
superconductivity due to interaction between N and F layers.
It is obvious that for nontransparent NF interfaces the
S-FNF-S junction should have the same characteristics as
that of SNS devices and the decay length of superconducting
correlations into the complex weak-link region should coin-
cide with that for the normal metal, &y, if the distance be-
tween superconducting electrodes L are larger than the scale
&py of superconductivity decay into F films. In Refs. 50-53,
it was also shown that switching on interaction between N
and F metals results in generation of a set of decay lengths.
Moreover, it was demonstrated that it is possible to find the
conditions under which at least one among these lengths has
both real and imaginary parts on the order of &y. In S-FNF-S
Josephson devices, there is no limitation on thickness of N
film and it can be made thin enough to realize an effective
control upon the junction parameters by changing the mutual
orientation of magnetization vectors of ferromagnetic
films.>?

The choice of junction geometry considered in Refs.
50-53 was based on existing concept®®>? that in such ramp-
type configuration both the critical current /- and IRy prod-
uct (Ry is the normal junction resistance) are larger than in
overlap geometry when S electrodes are located on the top of
weak-link multilayer.
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FIG. 1. (a) The SN-N-NS junction and (b) the SNS junction.

In this paper, we reconsider this statement and demon-
strate that it is valid only for the fully transparent interfaces
between S electrodes and a weak-link region. To do this we
study three different geometries of Josephson junctions: (1)
SN-NF-NS devices, which consist of two SN complex elec-
trodes connected by NF weak region; (2) SNF-N-FNS struc-
tures in which N film connects two SNF complex electrodes,
and (3) SNF-NF-FNS junctions with S electrodes located on
the top of FN bilayer. Below we will discuss critical currents
of these Josephson structures in the framework of linearized
Usadel equations for arbitrary length of complex electrodes.
We will compare the results for the above three cases and
those obtained in Refs. 50-53 in order to determine the ge-
ometry, which provides the largest magnitude of the critical
current. We also demonstrate that 0-7r transition in the con-
sidered structures can be driven not only by variation in dis-
tance L between S electrodes, as predicted by known models,
but also by changing the length d of the SNF overlap region.

II. MODEL

Consider multilayered structures presented in Figs. 1 and
2. They consist of superconducting electrodes with the length
d deposited on the top either a single N film or on NF bi-
layer. The bilayer consists of F and N films having a thick-
ness dp and dy, respectively (see Fig. 2). The junctions
shown in Figs. 1(b) and 2(d) are the structures having ramp-
type geometry intensively studied previously (see Refs. 1-3,
50-53, and 58). The width of layers in the direction perpen-
dicular to the current flow is equal to W and the distance
between electrodes is L. We will suppose that the condition
of a dirty limit is fulfilled for all metals and that effective
electron-phonon coupling constant is zero in F and N mate-
rials. For simplicity, we suggest below that the parameters
vy and ypp which characterize the transparency of NS and
FS interfaces,
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FIG. 2. (a) The SNF-NF-FNS junction, (b) the SN-NF-NS
junction, (c) the SNF-N-FNS junction, and (d) the S-NF-S
junction.
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are large enough

yBN>max{l,pS—§S}, yBF>max{1 ps_§5} (1)
PNéN PréF

to neglect the suppression of superconductivity in S part of
the proximity system. Here Rgy, Rgp and Apgy, App are the
resistances and areas of the SN and SF interfaces, &g, &y, and
&r are the decay lengths of S, N, and F materials while pg,
pn» and pg are their resistivities.

We assume that either temperature 7 is close to the critical
temperature of superconducting electrodes T~ or parameters
gy and ypp are large enough to permit the use of the linear-
ized Usadel equations in F and N films of the structure. Un-
der the above conditions the problem of calculation of the
critical current in the structures reduces to solution of the set
of linearized Usadel equations for anomalous Green’s func-

tions @y p,'~360
& >
G fan-neen
) & P ~
& ot o Cp-0Pp=0, (2)
where =lol/nTe,  Q=[|w|+iH sgn(w)]/7Te, & F

=(Dyp/27T¢), Dy are diffusion coefficients, w=nT(2n
+1) are Matsubara frequencies, and H is exchange integral
of ferromagnetic material. To write Eq. (2) we have chosen
the x and y axes in the directions perpendicular and parallel
to the plane of N film and put the origin in the middle of
structure at FN interface [Figs. 2(a), 2(b), and 2(d)] or at the
lower free interface of N film [Figs. 1 and 2(c)].

Equations (2) must be supplemented by the boundary
conditions.®! For the structures presented in Figs. 1(b) and
2(d) they have the form

YBNfN ‘I)N— = GoA exp{+z§} y=*L/2,

YBrér - CDF——GOACXP{+1(EP} y==*L2 (3)

while for the junctions presented in Figs. 1(a) and 2(a)-2(c)
they can be written as

o)
YBNfN CI)N =GpA exp{ * 15}7 x=dy, (4)

where A and ¢ are the modulus and the phase difference of
the order parameters of superconducting electrodes.
At SF interfaces [see Fig. 2(d)] we also have

Q
CIDF— —GpA exp{ + z(’—D}

=*L12. (5
Q 5 )

YBFfF

Here L is the distance between superconducting electrodes,
Go=w/w*+A2,
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At the FN interface located at (x=0) the boundary condi-
tions have the form®!

v 9 &p 0
—o ——®,, 6
Q ax N= YQ F (6)
Q
YB§F ‘DF +®p= Q(I)N’ (7)

where yp=Rp3Aps/ prér, v=pnén! prér Rps and Apg; are the
resistance and area of the NF interface.

The boundary conditions at free interfaces come from the
demand of an absence of a current across them and reduce to
equality to zero of appropriate derivatives, e.g., for the junc-
tion presented in Fig. 2(d) they look as

J
_(I)N=O, x=dN, (8)
ax
J
Z®,=0, x=-dp. 9)
ox

The formulated above boundary problems can be reduced
from two-dimensional to one-dimensional models in the
limit of small thicknesses of N and F films

dy<<é&y, dp<ép. (10)

This procedure has been described in detail in Refs. 50-52
and the range of its validity has been examined in Ref. 53.
Below we will apply the developed in’*? approach to the
junctions presented in Figs. 1 and 2 mostly being concen-
trated on the discussion of the obtained results. The details of
calculations are summarized in Appendices A and C.

III. CRITICAL CURRENT OF SN-N-NS JOSEPHSON
JUNCTION

The expressions for the critical currents, I%NS, IgN'N'NS, of

SNS junction shown in Fig. 1 are well known in the consid-
ered model."%? They have the form

o

d r
IS =K Y ———, (11)
Envnco 4 sinh(gL)
[N _ K 2 I' sinh*(¢d) (12)

deNn =049 smh[q(L +2d)]’

where coefficient K=(27TW)/(RgyApnysne), =&y VO s
inverse decay length, and I'=A2/(w?+A?).

As it is shown in Appendices A and C, the expression (12)
also follows from more general formula for the critical cur-
rent of SNF-NF-SNF devices shown in Fig. 2(a) in the limit
of small thickness of F film (dp— 0). The ratio of these two
critical currents, I%N'N'NS/ ISCNS, is visualized in Fig. 3 as a
function of thickness of normal layer, dy, for several lengths
of complex electrode d/&y=0.5,1,10. It is clearly seen that
there are intervals of parameters under which critical current
of SN-N-NS junction can essentially exceed ISCNS. The phys-
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FIG. 3. ISCN'N'NS/ ISCNS versus thickness of N film dy/§&y for
d/&y=0.5,1,10, L/ éy=2, and T/T¢=0.5.

ics of this effect is evident as we are going to discuss now.

In the considered limit of small SN interface transparency
for ramp-type geometry [Fig. 1(b)] under condition L>1/¢g
the magnitude of induced into N metal ®, functions at SN
interfaces is close to

Dy(dy) = Yenéng > 1 (13)

BNfN
while in the case of the overlap geometry [Fig. 1(a)] for dy
<1/q the magnitude of ®, function in N metal does not
depend on the coordinate x in the first approximation in
dy/ &y and is equal to

Dyldy) = G0A2 . venéngidy > 1. (14)
¥envéng dy

From Egs. (13) and (14) it immediately follows that the large
factor ypy in Eq. (14) can be renormalized by a small ratio of
dy/ &y thus leading to effective increase in superconductivity
at the interface between N film and SN composite electrode
compared to the strength of superconducting correlations at
SN boundary of SNS ramp-type devices.

IV. CRITICAL CURRENT OF DEVICES WITH F FILM IN
WEAK-LINK REGION

To calculate the critical current of the junctions shown in
Fig. 2 under conditions (1) and (10) one has to solve the
boundary problem, Egs. (2)—(8), and substitute the obtained
solution into general formula for supercurrent,

—imTW o 1 (° ] ., 9
IS: e 2 2 |:(D—w F& ch F:|
PF =0 @ y

i ’7TTW

dy
_J |: —a)N wNi| (15)
€PN w=-x

The details of this procedure are given in Appendices A
and C.

It is shown there that in the practically interesting limit of
strong N film,
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Il Ev> Ep, (16)

where parameters { and {y are the coupling constants é’%
= ypdrér, 512\/: vgdnén/ y, which describe the mutual influ-
ence of N and F films on superconducting correlations in the
junction, the critical current of SNF-NF-ENS [Fig. 2(a)], SN-
NF-NS [Fig. 2(b)], and SNF-N-FNS [Fig. 2(c)] structures,

ISNF -NF-FNS _ K I'Uq, Sinh2(611d) (17

c R 0
C&dy D sinh[g (L +2d)]
K < r
[SNNENS _ Re> - il , (18)
deN n=0 4 (Qq,ql + quql)
[SNF-N-ENS _ Rez (19)
Y qu a7t P

can be expressed by formulas (17)—(19), respectively. Here,
functions Q(a, B8), P(a, B8), and U are defined as

2 coth(ad)cosh(bL)b

Qa,b = ’ (20)
a
b* coth?*(ad
P,,=sinh(bL) {1 + CO—Z(“)} , @1)
a
222 2
U= <L§A’> (22)
1 - 02 ,,{N
where ¢, is fundamental wave vector of the problem,
1
gi= L+ = -0 45700 (23)

while u and v,

u2=<i2+%), 02=<%+%+i%), (24)
v & & & &

are partial wave vectors. Strictly speaking, formulas

(17)—(19) are valid in the limit of thin N and F films, Eq.

(10). However, making use of the formalism developed in

Ref. 53 it is possible to prove that all of them can also be

valid for arbitrary thickness of F film if one simply use in

Egs. (17)-(19) the more general expression for fundamental
L [éw

wave vector g;, namely,
o
Q=g

d ~ d
& N yB\/a + coth{ g—F

F

(25)

\/6}+Q.

Expressions (17)—(19) can be simplified in several practi-
cally interesting cases.

In the limit of large d(d>1/q,1/q,), both coth(gd)— 1
and coth(q;d) — 1. As a result for SN-NF-NS and SNF-N-
NFS junctions one may use the same formulas (18) and (19)
with more simple forms of functions Q(«, 8) and P(«, B),

Qup= zcoszﬂ (26)
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FIG. 4. (L/¢&y,d/&y) phase diagram for SNF-N-ENS structure
for dp/ €-=0.04,0.1,0.2 (solid, dashed, and dotted lines) at y=0.1,
'}/B=0.1, dN/ §N=0'1’ fN/ 51:: 10, T/TC=O.5, and H/ 7TTC=30.

b2
P.y= sinh(bL)( 1+ —2) (27)
a
while for SNF-NF-FNS junction

1
[SNF-NE-ENS _ ——Rez T'Uq, exp(-q,L).  (28)
2&vdy 20

In the limit of large distance L between S electrodes, L
>1/gq, 1/q, for the critical current of SNF-NF-FNS, SN-NF-
NS, and SNF-N-NFS one can get, respectively,

[SNFNFENS _ 2K R I'Uq, exp(-q,L)

e (29)
C&dy  amo [1+coth(gd)T?
JSN-NENS _ 2K . I'g, exp(—q,L) (30)
Evdy 120 ¢’[q +q; coth(gd)]*’
o 2
ISNF -N-FNS _ 2K I'Uqqy exp(-qL) 31)

e .
C&dy oo [g) + q coth(qd)

Below we will compare the obtained results (17)—(19)
with the value of the critical current calculated in Ref. 50 for
ramp-type SENS junction,

L vpwv &y :
SENS dy . } Q% -v? YBF gFglzv
NS =K ReX T , (32)
gy sinh(g,L)

N n=0

It is necessary to mention that in the limit of decoupled F
and N films (yz— ) expressions for the critical currents
[Egs. (17)—=(19)] reduce to the formula for SN-N-NS devices,
Eq. (12), while the critical current of SFNS ramp-type struc-
ture, Eq. (32), transforms to that, Eq. (11), valid for SNS
junctions.

Below we will restrict ourselves by analysis of I(L,d)
dependencies. In Figs. 4-9 we present the phase diagrams
for critical current, which in (L/&y,d/&y) plane gives the

214518-4



JOSEPHSON EFFECT IN...

2.5¢ : 7
20/ i T |

; dy /6502 -

150 Tt S
N 1
RRNIAY 1
0.5t S (_ZIY{_&_V___O_{_
O dy | €y=0.05

0.0L

0 1 2 3 4 5

FIG. 5. (L/é&y,d/&y) phase diagram for SNF-N-FNS structure
for dy/ &y=0.05,0.1,0.2 (solid, dashed, and dotted lines) at y=0.1,
)/B=0.1, dF/ §F=0.1, éN/ §F= 10, T/ TCZO.S, and H/ 7TTC=30.

information about the sign of /.. In the areas marked in Figs.
4-9 by 0 and 7 the critical current is positive (0 state) and
negative (7 state), correspondingly, while the lines give the
point curves at which I-=0. The position of these curves in
(L/&y,d/ &y) plane also depends on relative thickness (dp/ &
and dy/ &y) of both F and N films.

The phase diagrams for SNF-N-FNS structures are given
in Figs. 4 and 5. In this geometry there is the only N film in
the region between SNF multilayers. The inverse coherence
length q=§1_\,1 VQ in N film is real, therefore there are no
oscillations of critical current in the structure.

Our calculations show that in this case there can be only
one curve on the (L/&y,d/ &y) plane, at which I-=0 for fixed
other parameters. The existence of only one point curve for
SNF-N-ENS structure can be understood from the following
arguments. Contrary to the well-studied SFS junctions, the
coherence length in the part of weak-link region of SNF-N-
FNS devices located between SNF electrodes is real, thus
preventing the oscillations of function @y in that region of
the N film. The oscillations of the condensate function exist

3.0F ! ‘ 1
2‘57 E ' dF/§F=O'2 ]
200 | e
= i ; 1
150 ik -
S 0 - 0 f
1.0f i .
0.5 :
] dy / £:=0.08 1
0.0k s ‘ 2 :
0 2 4 6 8

L/én
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FIG. 7. (L/&y,d/ &) phase diagram for SN-FN-NS structure for
dy/ €y=0.08,0.1,0.15 (solid, dashed, and dotted lines) at y=0.1,
'YB=O.1, dp/gFZO.l, gN/ §F= 10, T/TC=0.5, and H/ ’7TTC=30.

only in the NF part of the weak link located under the S
electrodes. Obviously, under these circumstances the sign of
I- must be only controlled by the value of the condensate
function at the boundary between the SNF electrodes and the
N film connecting the electrodes. As shown in Appendix B,
this value of condensate function determines two complex
coefficients, A, and A,, [see Egs. (B6) and (B7)]. In combi-
nation with nonoscillatory decay of function @, into the N
film from the SNF electrodes, these coefficients provide only
two choices for the sign of /- and only one curve at which
I-=0. This is in contrast to SFS devices with F film in be-
tween S electrodes. In the latter case the sign of /-~ depends
also on relation between the geometrical size of a junction
and the imaginary part of the coherence length (the period of
oscillations of the order parameter). It is the combination of
these two factors that provides the opportunity to have mul-
tiple changes in /- sign and infinite number of curves at
(L/&y,d/ €y) plane at which I-=0.

Therefore, in the considered SNF-N-FNS structures there
is only one of these two factors and only one opportunity for
I to change its sign, which can be realized or not depending

25—
dp /€701 ;

2.0 dF/sfF:O'OS i ]

1.5 ‘ ]
’51 '.‘

1.0 3 ‘ 1

0.5 dr/ §F=0.07“"-.‘\\ ]

0.0 ‘ e P

L/éy

FIG. 8. (L/&y,d/ &y) phase diagram for SNF-FN-FNS structure
for dp/€ér=0.07,0.08,0.1 (solid, dashed, and dotted lines) at y
=0.1, y5=0.1, dy/ éy=0.1, &/ £x=10, T/ T=0.5, and H/ 7T ¢=30.

FIG. 6. (L/&y,d/ &y) phase diagram for SN-FN-NS structure for
dpl £-=0.08,0.1,0.2 (solid, dashed, and dotted lines) at y=0.1,
y5=0.1, dy/ Ey=0.1, &/ E=10, T/T¢=0.5, and H/ 7T o=30.
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FIG. 9. (L/&y,d/ &y) phase diagram for SNF-FN-FNS structure
for dy/&y=0.04,0.05,0.07 (solid, dashed, and dotted lines) at y
=O.1, ')/B=0.1, dF/gl:':O.l, fN/ng 10, T/TC=0.5, and H/ 7TTC=30.

on the parameters of the structure. The position of the tran-
sition curve calculated for fixed ratio dy/&y=0.1 and several
values of dp/&r=0.04,0.1,0.2 is shown in Fig. 4. The loca-
tion of the curve depends on dp by nonmonotonic way. At
dp=0 there is only O state in the structure. With the increase
in dp, the curve first shifts to the left bottom corner of the
phase diagram, then it turns back, and at some critical value
of d it tends to infinity, thus providing only O state in the
structure with further dy increase. Such nonmonotonic be-
havior is due to nonmonotonic behavior of ¢, from Eq. (25).

Figure 5 shows (L/&y,d/ &) phase diagram calculated for
fixed ratio dp/ér=0.1 and several values of dy/&y
=0.05,0.1,0.2. It is seen that with dy increase the point
curves at which /-=0 shifts in the direction to the right cor-
ner of diagram providing the increase in area for O state. This
fact can be understood if one takes into account that under
fixed df the larger is the N layer thickness, the smaller is the
influence of the F layer on the junction properties. It is ob-
vious that at dy= &y the critical current of SNF-N-FNS junc-
tion will tend to that of SN-N-NS since the current will flow
in the areas located closer to S electrodes thus decreasing the
probability to have SNF-N-FNS structure in the 7 state. Also
it is important to mention that at some fixed parameters only
0 state or 7 state can be realized for any L and at some fixed
parameters only O state can be realized for any d.

The phase diagrams for SN-FN-NS structures are given in
Figs. 6 and 7. Figure 6 presents the data calculated under
fixed value of dy/éy=0.1 for a set of ratio dp/é&p
=0.08,0.1,0.2 while Fig. 7 gives diagram obtained under
fixed value of dp/&r=0.1 for a set of parameters dy/&y
=0.08,0.1,0.15. In this geometry there is the only N film in
the complex SN electrodes. The inverse coherence length g
in N film is real value. Consequently, both 0 and 7 states in
SN-FN-NS junctions can be realized due to oscillatory be-
havior of superconducting correlations in NF region inside
the weak-link area, which connects SN electrodes. So there
are infinite number of point curves. The point curves at
which 7-=0 looks like practically vertical lines thus demon-
strating weak influence of overlap distance d on alternation
of 0 and 7 states in the junction.

10
—— SNF-NF-FNS
10° F - - = SN-NF-NS AT~
----- SNF-N-FNS Y
10°F -----SFNS i
---—--SN-N-NS !
107 : . : '
0 2 4
L/,

FIG. 10. I for SN-N-NS, SFNS, SNF-N-FNS, SN-FN-NS,
SNF-FN-FNS structures versus L/§&y calculated for &y/&p=10,
T/ TCZO.S, H/ ’7TTC=30, dN/ §N=0.1, and dF/ §F=O.1.

Finally, Figs. 8 and 9 give (L/&y,d/&y) phase diagrams
for SNF-FN-FNS junctions. In these structures, coherence
lengths are complex both under superconductor in complex
SNF electrodes and in NF part of weak-link region. The
appearance of 0 or 7 state in this case depends also on
matching these oscillations at SNF/NF boundary. As a result,
the point curves at which /-=0 are not as vertical as those
one can see in Figs. 6 and 7 thus demonstrating their strong
dependence on both lengths L/ &y and d, and the O-7 transi-
tion with d increase is not so sensitive to L variations as for
SN-FN-NS structure.

Figure 10 shows dependence of absolute value of normal-
ized critical currents of SNF-NF-FNS, SNF-N-FNS, SN-NF-
NS, and SENS junctions as a function of L/&y for infinite
length of SN interface d. It is seen that at given magnitude of
L/ &y critical current of SN-N-NS junction, I%N'N’NS, has the
maximum value among all others. This fact is obvious since
in this structure there is no additional suppression of super-
conductivity provided by the F film. If we compare the value
of I far from the O-7 transition points for all other consid-
ered structures, then we may have Ig o> [PNFNENS
>I%NF FN-ENS >I%'F NS This sequence of values is due to con-
secutive increase in suppression of superconductivity pro-
vided by F film.

In SN-FN-NS junctions in the considered region of pa-
rameters the superconducting correlations are suppressed by
F film only in weak-link region, thus providing the large
value of /.. In SNF-N-FNS junctions, the critical current is
smaller than in SN-FN-NS devices due to suppression of
superconductivity in SNF part of the structure. Due to it, the
decay of superconducting correlations into N part of weak
link starts from the values, which are smaller than in SN-
FN-NS devices.

In SNF-FN-FNS devices, there is suppression of super-
conductivity in all parts of structure by F film. Finally, in
SNFS ramp-type structures the critical current has the small-
est value. The physical reason of this fact, we already dis-
cussed in Sec. III.

In SN-N-NS and SNF-N-FNS junctions, /- decays with L
without oscillations. However, as it follows from the phase

214518-6



JOSEPHSON EFFECT IN...

~
3
N
\m N e
g 10° Y \ /’
n:tn ‘|: ‘, I/ —d/,=0.6
®, 10 i a ) l" L deN:o °
3 i R, d /£,=0.2
= ' i --—-d,/5,=0.03
10 Eh 1 I! 1 " 1
0 1 2 4 5
a/g,

=
S
N
~z
<

o
x
Q

=
2
=

0.0 0.5 1.0 1.5 2.0
d/§N

|IC}/BNeRBI\/\BI\/2W7[T|

FIG. 11. I for (a) SNF-FN-ENS, (b) SN-FN-NS, (c) SNF-N-
FNS structures versus d/§&y calculated at &y/&p=10, T/T-=0.5,
H/wT=30, dr/&r=0.1, and L/ &y=2.

diagram presented in Fig. 4, under the chosen set of param-
eters the SNF-N-FNS structure is the 7 state, so that its
critical current is negative, while SN-N-NS is always in 0
state.

The decay length in NF part of SN-FN-NS, SNF-FN-
FNS, and SNFS devices is complex providing damping os-
cillations of /- as a function of L. The period of these oscil-
lations and their decay length are the same for all the
junctions and controlled by bulk properties of NF part of
weak link. The initial conditions for these oscillations at SN/
NF, SNF/FN, and S/NF interfaces are different resulting in
shift of the oscillations along L axis.

Figure 11 shows the amplitude of critical current of SNF-
FN-FNS, SN-FN-NS, and SNF-N-FNS structures versus the
length of SN interface in complex electrodes calculated un-
der fixed ratio of L/&y=2. From the presented curves, it fol-
lows that critical currents have a tendency to increase with d
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as tanh?(d/ &y) while at large d they arrive at is independent
of d values.

The continuous support of superconductivity from the S
electrodes along all the SN interfaces results in considerable
difference between (L) and I-(d) dependencies. The last
may have only one change in sign of /- as a function of d.

It is also necessary to note that maximum of /. in I(d)
dependence may be not necessarily achieved in the limit of
d— . For instance, at dy/&y=0.2 and d/£&y=0.5 [see Fig.
11(c)] the magnitude of I is 50 times larger compared to the
value, which is reached at d— . This strong enhancement
may be important for some practical applications of these
structures.

V. CONCLUSION

We have discussed three types of SFNS Josephson junc-
tions with different geometries of electrodes (S electrodes are
on the top of N film) and weak links. We derived analytical
expressions for critical currents of these structures. These
expressions are valid in the limit of thin normal and ferro-
magnetic films, and we discussed behavior of critical cur-
rents for this case. Hence, we assert that one can use expres-
sions for critical currents with more accurate formula for
inverse coherence length, Eq. (25), for films with arbitrary
thickness.

We compared results of this paper with results for ramp-
type S-FN-S Josephson junctions. The ramp-type junctions
are absolutely not favorable both from technological and ap-
plicable point of view. We have demonstrated that /- of SN-
NF-NS, SNF-NF-NFS, or SNF-N-NFS junctions can be even
large compared to that in the ramp-type structures under the
same suppression parameters at NS interface and distance
between S electrodes. The largest value of critical current
can be achieved in SN-NF-NS junction in which there are no
additional suppressions from F film under S electrode.

We have predicted that in these structures 0-7r transition
takes place not only under increase in the distance L between
the superconducting electrodes but also as a result of chang-
ing the area of Cooper-pair injection under the S electrodes.
As a result, there is single 0-7 transition, in contrast to mul-
tiple transitions with the increase in the distance L between
superconducting electrodes. We also demonstrated that in
SNF-N-ENS structures, where coherence length in the weak
link is not complex, critical current can change sign as a
function of distance L.

From the above-performed analysis of the processes in
Josephson variable thickness bridges, in which supercon-
ducting electrodes are located on the top of NF bilayer, it
follows that their properties may considerably differ from
those of SENS ramp-type structures. In ramp-type devices,
the weak-link area is strictly determined by geometrical fac-
tors, namely, by the distance L between superconducting
electrodes. Under conditions, which minimize suppression of
superconductivity in the S electrodes, the initial values of
anomalous Green’s function at SN and SF interfaces are
strictly fixed by boundary conditions and O-7 transition is a
result of interplay between the complex value of decay
length in the NF bilayer and its geometrical size L.
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In the structures shown in Figs. 2(a)-2(c), the area of the
weak link may not coincide with the distance L between
superconductors since superconductivity induced into NF bi-
layer is influenced by proximity effect with the part of weak
link not covered by superconductor. It means that the bound-
ary conditions at SNF/NF interfaces are soft and do not fix
initial conditions for /(L) dependence thus providing addi-
tional degree of freedom responsible for O-7r transition in the
considered structures. This feature is most clearly revealed in
SNF-N-ENS junctions. In these devices the decay length in a
part of N film located in between of SNF electrodes is a real
quantity, which prevents the oscillations of function ®y in
that region of the N film. However, 0-7r transition may take
place in these structures despite of the absence of oscillations
of function ®, in the region between SNF electrodes. It is
worth to mention that in the latter case there is possibility for
only a single 0-7 transition. From practical point of view it
means that SNF-N-FNS geometry provides the opportunity
to realize a 7 state keeping simultaneously the large value of
the critical current.

The second conclusion of our study is illustrated in Fig.
10. One can see that the absolute values of the critical current
of the considered devices exceed those in SNFS ramp-type
junctions. This difference comes from the fact that in ramp-
type configuration superconducting correlation are induced
directly into interelectrode coupling area across the cross
section of N and F films. In the considered limit of small SN
interface transparency this results in small values of super-
conducting correlations (on the order of A/ ygy) induced into
vicinity of S/N interface. Contrary to that, in the overlap
geometry [see Figs. 2(a)-2(c)] the superconducting correla-
tions induced into the area located under S electrode can be
large enough, on the order of A/(ygydy/&y) if dy is consid-
erably smaller than &y. It is necessary to mention that this
increase in magnitude of /- is supplemented by decrease in
normal junction resistance, Ry. In the last part of Appendix
D we have calculated Ry and have shown that for large d it
scales as ygﬁ providing the values of I-Ry product propor-
tional to 71_3%2 while in ramp-type devices IRy 7’1—911\/ de-
creases more slowly with ygy.
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APPENDIX A: CALCULATION OF SUPERCURRENT FOR
SNF-NF-FNS JUNCTION

To calculate critical current of SNF-NF-FNS Josephson
junction in the framework of formulated in Sec. I model it is
enough to solve linearized Usadel equations for condensate
functions of normal (®,) and ferromagnetic (®) films in
weak-link region, as well as for condensate functions in N
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films under left (®,,) and right (d,,) superconducting elec-
trodes. These equations have the form

| & ) Qb 0
LA B —0,
N (9)(2 (9y2 N,N1,N2 N,N1,N2

F P ~
5%{ @ + (9_))2 Dp p1p2 = QPp gy 2 = 0. (A1)

They should be supplemented by the boundary conditions on
SN interfaces at x=dy,

J (A2)

YBNfN&_‘DNl,Nz = GoA exp™9”,
where sign minus (plus) should be chosen for left (right) S

electrode. At FN interface located at x=0 the boundary con-
ditions have the form,

& d ép 0
——0 =y——0 , A3
QO gx  NNLN2 Yﬁ oy FFLF2 (A3)
p ~
7’B§F_(DF,F1,F2 +Op = _CDN,NI,N2 (A4)
ox Q
while at free interfaces
J
_(I)NIN2=O’ y= 1(L/2+d),
dy ’
J
&_(DFI’Fzzo, y= + (L/2+d), (AS)
y
J
—®pp =0, x=-dp, (A6)
ox
J
_(I)NZO, .x:dN, (A7)
ox

they are followed from the demand of preventing a current
flow across them. Finally at the interfaces between complex
electrodes and weak-link region (at y= + L/2) all the func-
tions and their first derivatives should be uninterrupted,

iCD = id) (A8)
dy NIN2 = dy N>

(I)NI,N2 =Dy, (A9)
itb = id) (A10)
dy F1,F2= Jy F»

Gpy pr =Dy (A11)

In the considered limit of thin F and N films,
dy<&y, dp<§p,

the two-dimensional boundary problem, Egs. (Al)—(All),
can be reduced to a one dimensional. To do this we can
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suppose that in the main approximation condensate functions
do not depend on coordinate x,

q)F,Fl,FZ = BF,Fl,Fz()’),
(A12)

(DN,NI,NZ = AN,Nl,Nz(y),

and that their derivatives with respect to x can be expressed
as follows:

&CI)N,NI,NZ - QA _ U"ZAN,NI,NZ (x—d )
Jx 12\/ N.N1,N2 (9y2 N>

a(DF F1,F2 ﬁ azBF F1,F2

——2 21 =B - +dp).
Ix 12r F,F1,F2 ayz ( F)

(A13)

After substitution of Egs. (A12) and (A13) into the boundary
conditions (A3) and (A4) we arrive at one-dimensional dif-
ferential equations with respect to functions Ay y; y»(y) and
Br p1r2(y). Solution of thus obtained one-dimensional
boundary problem for the weak-link region can be expressed
in the form,

Ay=A| cosh(g,y) + A, sinh(g,y)

BQ .
+ _2T[Bl cosh(g,y) + B, sinh(qpy)],  (Al4)
NnQ
Br= B, cosh(g,y) + B, sinh(g,y)
BQ .
— 5 ~[A| cosh(q;y) + A, sinh(q,y)], (A15)
- Q
where fundamental wave vectors of the problem,
1
q%’z = 5[142 + U2 x \”/(Mz _ U2)2 + 4§]_72§1_\/2], (A16)
1 Q 1 Q
u2=<—2+—2), 02:(_2_}__2)’ (A17)
§N gN gF §F

and 512r= vedrér, éﬁF vednén/ v, and /3=(6]%—U2)_1~
The appropriate solutions for F and N films located under

S electrodes are

Aniva=Aj112 cosh(q,y) + Ay o, sinh(g,y)
BQ :
+ 5 —[By1,12 cosh(g,y) + By 2 sinh(g,y)]
I59¢)

— Ne™i#2, (A18)

By 2= By 12 cosh(g,y) + By, 5, sinh(g,y)

BQ .
- EE[A“’H cosh(g,y) + Ay, sinh(g;y)]
F

— Fe™i¥2, (A19)

The integration coefficients in Eqs. (A14), (A15), (A18),
and (A19) can be found by substituting these expressions
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into the boundary conditions. This procedure leads to

_ cos(¢/2)sinh(q,d) FBL - N
sinh[g (L2 +d)]  v+1

_ isin(¢/2)sinh(q,d) FBLG N
~ cosh[q(L2+d)] v+l

cos(@/2)sinh(g.d) NBLE + F
sinh[g,(LI2 +d)] v+1

i sin(@/2)sinh(g,d) NBG: + F
_ isin(¢/2)sinh(g,d) NBLr , (A20)
cosh[g,(LI2+d)] v+1

where
_ 120G GoA
Endy 1 — 40X PN Yan

. Q1 o GoA
Q &ndy 1 = 40" 547 Yoy
and v=B207 80
By substituting the solution, Egs. (Al14), (Al15), and
(A20), into general formula for supercurrent, Eq. (15), we

obtain the expression for supercurrent in the SNF-NF-FNS
structure,

Is=(Ic) + Icp)sin(g), (A21)
where
L _KGG 5 @I(1+0°B) v+ 1) sinh(g,d)?
= c .
@ Evdy oo (1= Uzuzé"%ﬁz)zsmh[%(lz +2d)]
e K ReS. o T8 — B)*(v+ 1) 'sinh(q,d)>

Thdy oy (1- V2P EE) sinh[ g, (L + 2d)]

and T'=A%/(Q%*+A?).

In the limit, {y>{p, &> &p, the part of the full critical
current, I, is small, so that the magnitude of /- of SNF-NF-
FNS structure is reduced to

K < . TUg, sinh(g,d)>
(& .
sinh[ g, (L +2d)]

SNE-NE-FNS _

I =
d

gN N w=0

APPENDIX B: CALCULATION OF SUPERCURRENT FOR
SNF-N-FNS JUNCTION

To calculate supercurrent across SNF-N-FNS junction we
should slightly change the procedure described in Appendix
A by taking into account the appearance of additional three
interfaces in the structure. Since the current cannot flow
across them instead of Eq. (A11) we should use

J
_(DFI,FZ =0,

= ¥ L/2,
dy ye T

-dr=z=0, (Bl)
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L
=y=_. B2
y=3 (B2)
In the limit of thin F and N films dy<< &y, dr<< &, the solu-
tion of Usadel equations in the N film of weak link has more
simple form compared to Eq. (A14),

iCID =0 =0
ox N=% *=0

| I~

Ay=A, cosh(gy) + A, sinh(gy) (B3)

while in FN bilayer under S electrodes it is closest to that of
Egs. (A18) and (A19),
Avive=A112 cosh(q;y) +Apn sinh(q,y)
B Q .
+—5 —[Bi1,12 cosh(q,y) + By, 5, sinh(g,y)]
vQ

- Ne™'¥2, (B4)

Bri 2 =Bi112 COSh(‘]z)’) + By 5 sinh(g,y)

) Q[An 12 cosh(q,y) +Apn sinh(g,y)]
F

— Fe™i9?, (B5)

The integration constants in Egs. (B3)—(B5) can be found
from the boundary conditions. In particular, for A; and A,
one can get

— N cos{¢/2}
q q
(qu,q/Z + VQ,,M/Z)/(V+ l)tanh? + cosh?
(B6)
— N sin{¢/2
A, = {@r2} (B7)

.. 4
(qu,q/Z + Vqu,q/Z)/(V"' 1)+ Slnh;

Substitution of Egs. (B3), (B6), and (B7) into general for-
mula for supercurrent,

™W N
]S = L _j |: —cu N_(I) :|
epy n=—o

in the limit {y> {r, &> & leads to

ISNF -N-FNS _ —— Re E

n= Oquq+P

are determined by Egs. (20)

B8
deN (B9

where functions Q, , and P, ,
and (21), respectively.

APPENDIX C: CALCULATION OF SUPERCURRENT FOR
SN-NF-NS JUNCTION

To calculate supercurrent across SN-FN-NS junction we
should change the procedure described in Appendix A by
taking into account the absence of F film in complex SN
electrode. To do this the boundary conditions, Eq. (Al1), in
appropriate regions should be replaced by
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J

(9—<I>F_O, y=*L72, —-dp=x=0, (C1)
y

0 L L

—o =O’ =O, - = =—+d. Cc2
g NLN2 X > |)’| > (C2)

In the limit of thin F and N films dy<<&y, dp<<§p, solution
of the boundary problem in the weal link can be found in the
form,

Ay=A, cosh(q,y) + A, sinh(q,y)

Q ,
+ 5 —[Bj cosh(qay) + B, sinh(g,y)],

(C3)
N
By= B, cosh(g,y) + B, sinh(g,y)
Q .
—25[A1 cosh(q,y) + A, sinh(q,y)]  (C4)
F

while for it, in the N films located under S electrodes, they
are

Anin2=A1112 cosh(gy) + Ay, sinh(gy) — Ne ™2,
(Cs)

Integration constants A;,A,,B;,B, in Egs. (C3)-(C5) can be
found from the boundary conditions resulting in

cos(¢/2)g G/ (éxdyYan)

Al = )
q:L q:L
coshT + [Vqu/z,ql/z/Z + Q,Ml/z(v + 1)]tanh7

i sin{¢/ 2}q‘2G0A/ (énvdnyan)

L 2
Slnh? + v tanh Qq2/2 q1/2/2 + Qq 9 /2(V+ 1)

A2:

)

(Co)
B =A ,8 ® ¢, sinh(q,L/2) )
! 2" o] ¢, sinh(g,L/2)°
h(g,L/2
B,=A, 23 @ ¢, cosh(q,L/2) (C8)

|w| g5 cosh(g,L/2)”

Substituting this result into general formula for supercur-
rent, Eq. (15), in the limit {y>{p, &y & we arrived at the
following formula for critical current of the SN-FN-NS junc-
tion:

[

K r
ez q1
gNdN n=0 4 (Qq q, + Pq ql)

ISN -NF- NS

APPENDIX D: CALCULATION OF NORMAL JUNCTION
RESISTANCE

To calculate the normal junction resistance, Ry, of SN-
NF-NS junction it is enough to solve in F and F films the
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Laplace equations for electric potential U(x,z),

P >
EU(x,y)+a—y2U(x,y)=0, (D1)

for y=0. The following boundary conditions for this equa-
tion at x=dy, 0=y= %, and x=—-dp, 0=y= §+d follow from
the requirement of absence of normal current flow across
these interfaces,

iU(x,y) =0. (D2)
ox

At x=dy, % =y= §+d the local current density in x direction

should be equal to the density of the normal current injected
into S electrode from N film,

Uy—Ulx,y)

, (D3)
RpnAg

Jd
on—U(x,y) =
ox

and at y=0, 0=x=dy, and —dr=x=0 the first derivative of
electric potential should be determined by the full currents 7
and I flow across cross sections of N and F films, respec-
tively,

Iy
P way O=E=dy

g
U=y " (D4)
Y L _dp=x=0.

O-FWdF

Finally, at FN interface electric potential should satisfy the
following matching conditions:

U(+ 07)’) = U(_ O’y)’ (DS)

J J
oy U+ 0,y)=0z—U(-0,y). (D6)
0z az

Here on(op) are normal conductivities of N (F) films, Rgy
and Apg, are boundary resistance and area of SN interface,
respectively, dy and df are the thickness of N and F films, U,
is electric potential of S electrode, which is supposed to be
independent of x. Physically the boundary condition (D3)
means that we neglect (compare to SN interface resistance)
the contribution to Ry from a part of S electrode in which the
final transformation from normal to supercurrent takes place
in S film and suppose that this conversation is fully located at
SN interface.

Below we will essentially use the fact that both dy and dp
are thin in scales of L, d, and \,

dy,dp <L,d,\, (D7)

where M\ is specific scale, which is characterized by the pro-
cess of redistribution of the current occurring in different
areas of the structure.

Solution of the boundary problem, Egs. (D1)-(D6), under
condition (D7) at 0=y=L/2 has the form,
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x—d
NcoshX,
N N

coshz,
N

Q,y+A cos 0=x=dy

U=

x+d[:
0,y + A, cos —dp=x=0.

(D8)
In the region L=y=L+d we also have
x—L12-d
A
x—dy y—-L2-d

cosh ,
A

X—dN
U=Uy+A;cos N cosh

+ B; sin

for 0=x=dj, and

Ulx,y)=Uy+ A, cosx i choshy L2 d,
A A
for —dr=x=0. On matching Egs. (D5) and (D6) and bound-
ary, Eq. (D3), conditions to solutions (D8) and (D9) and
taking into account that all of them must be satisfied identi-
cally for any y we arrived at

(D9)

01=0, A=0, A,=0, (D10)
A
Ay=Ay=-—— N _p,, (D11)
(TNdN+UFdF
)\Z:RBN'ABI(G-NdN+O-FdF)' (D12)

To relate the potential U, with the full current I=Iy+1Ip
across the junction we may simply use Eq. (D4) and from
Eq. (D10) get,

1

= D13
W(oydy + opdy) (b13)

0,

Calculating now the magnitude of electric potential at y
=L/2,

1 )\O'N d
— L= 0~ —B3 cosh—
W(UNdN+ (Tpdp) O-NdN+ (Tpdp A

and taking into account the condition of current continuity at
x=L,

1 oy . d
= B; sinh—,
W((TNdN+ (TFdF) O-NdN+ (TFdF A

for the normal junction resistance, Ry, we finally get

L A d
Ry=—————(1+coth™],  (D14)
W(O-NdN+ O'de) L A

A= V/RBNABI(UNdN + opdp). (D15)

In the limit dy— 0 expression (D14) transforms to that pre-
viously derived in Ref. 62.

Application of the developed method of Ry calculation to
SNF-N-ENS and SN-NF-NS structures leads to
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L A d

Ry= 1+ —coth— |, (D16)
W(TNdN L )\

A= \'/RBNAsl(O'NdN + 0o pdp) (D17)

and

PHYSICAL REVIEW B 81, 214518 (2010)
L A d
Ry=——"—""—""-| 1+ —coth—|, (D13)
W(O'NdN + O-FdF) L A
N = VRpyApiondy, (D19)

respectively.
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